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In the gyrokinetic units of ρs(≡
√
τρi) and Ω−1

i for length and time, respectively, the governing

gyrokinetic Vlasov equation for a finite-β plasma in the limit of k2
⊥ρ

2
i � 1 can be written as

dFα
dt
≡ ∂Fα

∂t
+ v‖b̂ ·

∂Fα
∂x

+ EL × b̂0 ·
∂Fα
∂x

+ sαv
2
tα(EL · b̂ + ET

‖ )
∂Fα
∂v‖

= 0, (1)

where τ ≡ Te/Ti, α denotes species, v2
te = mi/me, v2

ti = 1/τ , se = −1, si = τ ,

b̂ ≡ b̂0 +
δB

B0

=
B0

B0

+∇A‖ × b̂0, (2)

EL = −∇φ, ET
‖ = −

∂A‖
∂t

, (3)

the superscripts L(ongitudinal) and T(ranseverse) denote the vector decomposition relative to the

direction of wave propagation and the subscript ‖ indicates the direction parallel to the external

magnetic field. The gyrokinetic Poisson’s equation for k2
⊥ρ

2
i � 1 can be simplified as

∇2
⊥φ =

∫
(Fe − Fi)dv‖dµ, (4)

where the electrostatic potential φ is normalized by Te/e,
∫
F0αdv‖dµ = 1 and µ ≡ v2

⊥/2. Am-

pere’s law then becomes

∇2A‖ = β
∫
v‖(Fe − Fi)dv‖dµ, (5)

where the vector potential A is normalized by cTe/ecs, β ≡ c2s/v
2
A, vA ≡ cλD/ρs is the Alfvén

speed, and λD is the electron Debye length. [Note that the ion acoustic speed cs(≡ ρsΩi) is unity

in the gyrokinetic unit.] Equations (1) - (5) are the so-called electromagnetic Darwin model, when

the transverese induction electric field, ∂ET/∂t, is neglected in Ampere’s law. This is a quasineu-

tral system without the space charge waves By setting A‖ = 0, one recovers the electrostatic

gyrokinetic Vlasov-Poisson system, discussed earlier in the class.

1) Show that the linearized Eq. (1), with the ansartz of exp(ik‖v‖ − iωt) and the cold plasma

response of k‖v‖/ω � 1, gives rise to the Alfven normal modes of

ω2 =
k2
‖v

2
A

1 + k2δ2
e

=
ω2
H

1 + 1/k2δ2
e

, (6)

where

δe = c/ωpe = ρs
√
me/miβ (7)



2

is the electron skin depth and

ωH ≡
k‖
k⊥

√
mi

me

is the shear-Alfven mode in the electrostatic limit. For the warm electron response of ω/k‖v‖ � 1,

the Alfven modes take the form of

ω2 = k2
‖v

2
A(1 + k2

⊥).

2) Show also that the energy conservation of this system of equations can be expressed as

1

2

d

dt

〈∫ v2
‖ + v2

⊥

v2
te

Fedv‖dµ+
∫ v2

‖ + v2
⊥

τv2
ti

Fidv‖dµ+ |∇⊥φ|2 +
1

β
|∇A‖|2

〉
= 0, (8)

where < · · · > is the spatial average.


